ABSTRACT. The deficiency of a group is the maximum over all presentations for that group of the number of generators minus the number of relators. Every finite group has non-positive deficiency. We show that every non-positive integer is the deficiency of a finite group -in fact, of a finite p-group for every prime p. This completes Kotschick's classification [Kot12] of the integers which are deficiencies of fundamental groups of compact Kähler manifolds.
INTRODUCTION
The deficiency of a finitely presented group is the maximum over all presentations for that group of the number of generators minus the number of relators (some authors use the opposite sign convention). Every finite group has non-positive deficiency, since a group of deficiency at least 1 has infinite abelianization. For finite groups, most recent study of deficiency has focussed on finding deficiency zero presentations. The celebrated work of Golod and Shafarevich implies that a finite p-group of rank d has deficiency less than − d 2 4 + d; this is one of many asymptotic results on deficiency of finite groups. On the other hand, the range of techniques for determining deficiencies of groups precisely is very limited. Specifically, the literature does not appear to contain a proof that all negative integers arise as deficiencies of finite groups. (The infinite case is easy: every integer is the deficiency of some F r * Z s .) Well-known examples of finite groups achieving arbitrarily large negative deficiency, such as abelian groups and Swan's examples with trivial Schur multiplier [Swa65] , have quadratically growing deficiency: the set of their negative deficiencies has density zero in N. Another example of our lack of understanding of the fine structure of deficiency is an open problem in the Kourovka Notebook [MK14, 8.12(a)], due to D. L. Johnson and E. F. Robertson: Does there exist a finite p-group of rank 3 and deficiency zero for any p ≥ 5? For rank d ≥ 4 no such finite p-group exists, for any prime p, by Golod-Shafarevich.
In this article we prove the following theorem, which shows that indeed all negative integers arise as deficiencies of finite groups. The finite groups A p , B p and C p -which are parameterized by a prime p -are introduced in Definition 4. Theorem A. Let p be a prime, and n ∈ N. Then there are natural numbers r, s and t such that the finite p-group A r p × B s p × C t p has deficiency −n.
A Kähler group is the fundamental group of a compact Kähler manifold; such a group is always finitely presented. The class of Kähler groups includes all finite groups [Ser58] , as well as surface groups and more generally the fundamental groups of complex projective varieties. Kotschick proved in [Kot12] that no Kähler group has even positive deficiency, and noted that this is the only constraint on positive deficiency for Käh-ler groups, as all odd positive integers arise as deficiencies of surface groups Σ g . He then gave examples of Kähler groups of all negative deficiencies except for -5 and -7, with the suggestion that these should be achievable with finite groups (see Section 6 in [Kot12] ).
Theorem A completes, with proof, the classification of deficiencies of Kähler groups, as suggested by Kotschick.
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FIGURE 1. Deficiencies of Kähler groups
A search of the literature on deficiencies of finite groups suggests that one can extract examples as needed by Kotschick from the work of Sag and Wamsley, who claimed to have computed the deficiency of every group of order 2 n for n ≤ 6 [SW73] . However, they did not publish proofs, and the article does contain a number of errors beyond the obvious misprints: some presentations are not efficient as claimed, and others do not define the groups they should. (To give one concrete example, the 252 nd presentation of a group of order 64 is in fact a presentation of Z/4 ⋊ Z/4, for either commutator convention.)
The outline of our broad strategy to construct finite groups of arbitrary deficiencyand of the structure of this article -is as follows. We introduce in Section 2 the class G p of efficient p-groups, in which we fully understand the deficiency of direct products (a quadratic polynomial). After finding enough basic examples in Section 3, we take repeated direct products in suitable combinations to obtain all negative integers as deficiencies; this analysis is the topic of Section 4. In analogy with results on the representability of positive integers by quadratic forms, such as the Conway-Schneeberger Fifteen Theorem [Bha00] , there is good reason to expect such a strategy to succeed if we find enough basic building blocks in the class G p . The fact that the deficiency of our direct product is an inhomogeneous quadratic polynomial, rather than a quadratic form, makes the analysis easier, and we in fact only need the three basic examples A p , B p and C p .
CONTROLLING DEFICIENCY
For a group G, let d(G) denote the minimal size of a generating set for G, which we call the rank of G. The homology groups H * (G) are implicitly taken with trivial Z coefficients. In particular, the abelianization G/G ′ is isomorphic to H 1 (G). The deficiency of a group G is bounded above by
where rk denotes the torsion-free rank of an abelian group:
For a proof of this well-known inequality, the reader is referred to, for example, [BT07, Lemma 2] (NB: that article uses the opposite sign convention for deficiency). If a group achieves equality in (⋆), then it is called efficient. The torsion-free rank of every finite group is zero, so the upper bound on deficiency of a finite group is simply minus the rank of the Schur multiplier H 2 (G).
A presentation realizing the deficiency of a group G is called minimal if it moreover has the minimal possible number of generators, namely the rank d(G). Note that we are asking more of a 'minimal' presentation than other authors; for example, [Gru79, §4] only requires the number of generators of the group to be d(G) with no requirements on the number of relators. A group can admit a minimal presentation without being efficient (for example, Lustig's non-efficient torsion-free example x, y, z
, with an isomorphism given by a → xz, b → yz). Indeed, it is an open problem whether every group admits a minimal presentation. Rapaport proved [Rap73] that this is the case for one-relator groups and nilpotent groups.
One class of finite groups where deficiency is reasonably understood is the class G p , for p a prime, as defined in [Joh70] .
Definition 1. The class G p denotes the finite p-groups G such that G is efficient and admits a minimal presentation.
In particular, the number of relators of such a presentation is simply
(By Rapaport's theorem, one could remove the requirement of admitting a minimal presentation from the definition of G p .)
In fact, there is no known example of a non-efficient finite p-group.
Question 2 ([Man99, Question 18])
. Is every finite p-group an element of G p ?
The class G p has been shown to be closed under various operations. For our purposes here, we only need closure under direct products as proved in [Joh70] . Since it is short and instructive, we include here a proof of this fact.
Proof. The above is a finite presentation of the finite p-group G × H, and it has the required number of generators as
, since G and H are finite p-groups. It thus remains to prove that this is an efficient presentation, that is, that
Recall that all the homology groups of a finite p-group are finite abelian p-groups. The special case of the Künneth formula proved by Schur states that
As all four terms on the right-hand side are finite abelian p-groups, we see that
and thus the presentation is efficient.
BUILDING BLOCKS
Fix a prime p. To construct our desired groups of arbitrary negative deficiency, we only need the following three groups from G p . Beyond being members of G p , the only relevant property of these basic examples is that the number of generators and relators in their minimal presentations are the pairs (2, 2), (2, 4) and (1, 1).
Definition 4. Define groups by the presentations
Lemma 5. A p , B p and C p are all elements of G p and the above presentations are minimal.
Proof. First note that for each of the three presentations, the number of generators equals the rank of the abelianization, so minimality will follow once we establish that the presentations achieve the deficiency of their respective groups. Both A p and C p ∼ = Z/p are given by deficiency zero presentations, so to show they are elements of G p it remains only to show that A p is a finite p-group. (In fact, A 2 ∼ = Q 8 and A p ∼ = Z/p 2 ⋊ Z/p for odd p, but this is not needed for the proof.)
In A p , the relation a b = a p+1 can be written as
and likewise b p 2 = 1, so A p is nilpotent and generated by p-torsion, hence a finite p-group. 
THE CONSTRUCTION
We can now prove the main theorem, which we recall for the convenience of the reader.
Theorem A. Let p be a prime, and n ∈ N. Then there are natural numbers r, s and t such that the finite p-group A r p × B s p × C t p has deficiency −n.
Proof. We first compute the deficiency of A r p × B s p × C t p . Recall that the number of generators and relators in minimal presentations for these groups are (2, 2), (2, 4) and (1, 1) respectively. The standard presentation for their direct product will have 2r + 2s + t generators. There are 2r + 4s + t relators coming from the relators of each direct factor, and ( 2r+2s+t 2 ) − r − s introduced commutativity relators: one for each unordered pair of generators, except those pairs that belong to the same direct factor. Thus we need to find r, s, t ∈ N such that 2r + 2s + t 2 + s − r = n.
Let m be the smallest positive integer such that ( 
